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Abstract 

The Gibbs measures of a spin system on Z d with unbounded pair 
interactions J X yc(x)cr(y) are studied. Here (x,y) £ E, i.e. x and y 
are neighbors in Z d . The intensities J xy and the spins <r(x),a(y) are 
arbitrary real. To control their growth we introduce appropriate sets 
J q C IR E and S p C IR Z and prove that for every J = (J xy ) E J q : 
(a) the set of Gibbs measures Q P {J) — ■ solves DLR, fi(S p ) = 1} 
is non-void and weakly compact; (b) each /i £ G P {J) obeys an inte- 
grability estimate, the same for all fi. Next we study the case where 
J q is equipped with a norm, with the Borel cr-field B(J q ), and with 
a complete probability measure v. We show that the set- valued map 
J q 3 J !->• G P (J) is measurable and hence there exist measurable selec- 
tions J q 3 J fi(J) E G P (J), which are random Gibbs measures. We 
prove that the empirical distributions TV -1 Yl n =i n A n ('\JiO> obtained 
from the local conditional Gibbs measures TTA n (-\J,£) and from ex- 
hausting sequences of A n C Z d , have i/-a.s. weak limits as N — >• +oo, 
which are random Gibbs measures. Similarly, we prove the existence of 
the v-&.s. weak limits of the empirical metastates iV _1 Y^ n _ 1 i.\ j t g\ , 
which are Aizenman-Wehr metastates. Finally, we prove the existence 
of the limiting thermodynamic pressure under some further conditions 
on v. The proof is based on a version of the first GKS inequality, which 
we obtain for our model. 
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1 Introduction 



Throughout the paper, for a topological space, say S, by V{S) we denote the 
set of all probability measures on {S,B{S)), where B{S) will always stand 
for the corresponding Borel <7-field. 

Given a countable set X, a random field on X is a collection of random 
variables - spins, defined on some probability space and taking values in the 
corresponding single-spin (Polish) spaces S x , x € X. In a 'canonical version', 
the probability space is (5, B(S), fi), where S is the product space of all S x . 
Then the notion random field is attributed to the latter measure as well. 
A particular case of such a field is the product measure of some single-spin 
probability measures Xx, x £ X. Gibbs random fields with pair interactions 
are constructed as perturbations of n^ex Xx by the 'densities' 

expl^W xy (a(x),a(y))\ , (1.1) 

where W xy : S x x S y — > R are measurable functions - interaction potentials, 
whereas the sum is taken over a subset of X x X. Such a field defines the 
graph G = (X, E), where the set of edges E consists of those pairs {x,y} 
where W xy is not the zero function. The case of a special interest is where 
the potentials are random. Then one deals with another random field, this 
time on E, represented by the triple P). Here W is the space of 

interactions consisting of W = (Wxy) lx,y)£Ei T is an appropriate cr-field, 
and P is a probability measure. A standard assumption is that the degree 
of each vertex is finite and that the functions W xy : S x x S y — > R are P- 
almost surely bounded, in which case the interactions are called regular, 
c.f. Definition 6.2.1 in [6J, page 99. The only irregular case studied in the 
literature is that of long-range spin glasses, where the single-spin spaces are 
finite, and thus the functions W xy are bounded, but the vertex degrees are 
infinite. In the case of regular W, a measurable map 

n(W) e V(S) (1.2) 

is called a random Gibbs measure if for P-almost all W, /x(W) has a Markov 
property, standard for Gibbs measures, c.f. Definition 6.2.5 in [6j. The 
measurability in (jl.2p is the key point since only in this case one can speak 
about averages with respect to the disorder, that is, about the expectations 
Ep$ (E^^q-F) , where F : S — > K and : R — > M are appropriate functions, 
see the discussion in Section 6.2 in [6j. In general, for models with the 
interactions there might exist multiple Gibbs measure^]. Hence, the 

map W i-)- {fx(W) : [i(W) is a Gibbs measure} can be set-valued and the 

1 The a.s. uniqueness of Gibbs measures of disordered spin systems is a highly nontrivial 
problem, see the discussion and the corresponding references in Section 6.3 in [B]. 
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existence of its measurable selections (|1.2p is not obvious. To the best of 
our knowledge, in a systematic way this aspect of the theory has never 
been discussed so far. Thus, one of the aims of this work is to look at the 
problem of Gibbs fields with random interactions from the point of view of 
the set- valued analysis [3J. Another aim is to elaborate a method, which 
would allow to study also models with unbounded interactions - the other 
irregular case that has not been studied yet. In order to make the things 
as much transparent as possible, we consider the simplest case where the 
graph is a lattice 7L d with the edge set E = {(x,y) : \x — y\ = 1}, whereas 
the interaction potentials have the form 

W xy (u,v) = J xy UV, J xy ,u,v G R, (1.3) 

that is, all S x are the copies of M. In the physical terminology, this is a 
lattice spin model with unbounded spins and a harmonic pair interaction. 
If Sill J -£y are the same (or just uniformly bounded) and nonrandom, the 
existence and the properties of the corresponding Gibbs fields were studied 
since the 1970th, see [231 EZ] an d the bibliographic notes in [22]. However, 
the case of sup^^gE \J xy \ = +oo has not been studied so far. To control 
the growth of J = (Jxy){x,y}eE an d o = (a(x)) xe x, we introduce two Banach 
spaces J q C M E and S p C R zd . They are large enough so that every ball in 
Jq contains J with arbitrarily big | J xy \ . Then the interaction randomness is 
realized as the triple (J q , B{J q ), v), where v is a general complete probability 
measure (need not be product, etc). For every finite A C by means of the 
potentials (|1.3|) we introduce the local conditional Gibbs measure 7r^\(-| J, £), 
J G J q and £ G S p , which then allows us to define the set of tempered 
Gibbs measures Gp{J) consisting of those [i G P(R zd ) which solve the DLR 
equation and are such that /i(<S p ) = 1. We prove that: 

(a) for every J G J q , the set G P (J) is non-void and weakly compact, 
and that each [i G Q P {J) obeys an integrability estimate, the same 
for all such \jl (Theorem 13. ip ; 

(b) the map J q 3 J i-> G P {J) is measurable, as a set-valued map, and 
hence there exist measurable selections J q 3 J h-> fJ-(J) G G P {J) 
(Theorem [33]). 

The key element of the proof of (a) is an integrability estimate for the mea- 
sures tta(-\ J, that implies the existence of the accumulations points of the 
family {vr^(-| J, £)}z\cz d ; which are elements of Q P {J). Then the correspond- 
ing estimate for [x G G P (J), which holds uniformly for all such \i and all 
||«^||g < R, R > 0, are obtained therefrom. This allows us to prove that the 
map Jq 3 J i->- G P (J) is upper semi-continuous, which extends the result 
obtained (for bounded interactions) in item (d) of Theorem 4.23 in [llj, page 
72. By Theorem 8.1.4 of [3], page 310, the mentioned upper semi-continuity 
implies the measurability of J q 3 J \— > G P (J), which in turn yields the ex- 
istence of measurable selections, see Theorem 8.1.3 in [3j. In Corollary 13.21 
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we also establish the existence of the averages (K^j^F^j for appropriate 
functions F and Note that the constants in f|3.3[) are explicitly expressed 
in terms of the model parmeters. 

As is commonly accepted, see Chapter 7 in the extreme elements of 
Q P {J) correspond to the thermodynamic phases of the physical system mod- 
eled by the family {vr^(-| J, £)}z\cz d - These elements are contained in the set 
of limiting Gibbs measures (Minlos states), see Corollary 7.30 on page 135 
in [IT] , which are exactly the accumulation points of {tta('\J, 0}Acz d - The 
physical meaning of such limiting Gibbs measures is that they approximate 
Gibbs measures of large finite systems, c.f. the corresponding discussion in 
|20| and also in [10]. The random Gibbs measures obtained in (b) as mea- 
surable selections need not be limiting Gibbs measures - thus, the result of 
Theorem 13.41 has rather theoretical value from the point of view of physics. 
The characteristic feature of the spin models with random interactions is 
the so called chaotic dependence of the measures vr^(-|J, £) on A, see [19] 
and the references cited therein. This means that the limits of the sequences 
{^Ani'lJ, £)}neN need not be measurable (with respect to J) and hence can- 
not serve as limiting random Gibbs measures. With the help of the Komlos 
theorem [13 0], in Theorem 13.61 we obtain that 

(c) for every £ E S p , there exists a random Gibbs measure fi^(J) and 
an exhausting sequence V = {A n } n ^ such that ^(J) is the z/-a.s. 
weak limit of the sequence of 'empirical distributions' 

1 N 

^I>^(-I j >£)> NeK (1-4) 

n=l 

Under rather general assumptions, each Gibbs measure has the extreme 
decomposition, see Theorem 7.26 in [11], page 133. Thus, every measurable 
selection can be written in the form 

fi(J)= f fjLto(J)(dn). (1.5) 

Here G p x (J) is the extreme boundary of G P (J) and ro( J) is a weight, uniquely 
determined by fi(J). This decomposition holds for all J E J q , but the 
weights ro(J) need not be J- measurable. Suppose now that a representation 
holds which is similar to (|1.5p with a measurable weight and the integral 
taken over the whole set Q P (J). Then it yields a random Gibbs measure 
and the corresponding weight is called an Aizenman-Wehr metastate, see 
e.g. page 103 in [6] and also Definition 12.41 below. In Theorem 13.71 we show 
that 

(d) for every £ E S p , there exists an Aizenman-Wehr metastate tn^(J) 
and an exhausting sequence V = {A n } n ^ such that tn^(J) is the 
z^-a.s. weak limit of the sequence of empirical metastates 
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The thermodynamic pressure, or the free energy density, is an important 
characteristic which one obtains in the thermodynamic limit, see. e.g. the 
discussion in [6], pp. 24-28. For non-random (translation invariant) systems, 
the pressure exists and is independent of the way the limit has been taken, 
see Sections 2 and 3 in |17| or Theorem 3.10 in [15]. In Theorem 13.81 we 
show that under an additional condition on the measure v the pressure can 
be obtained as the almost sure limit of the local pressures, 'averaged' over 
{Z\ n } similarly as in (jl.4|) . In Theorem 13.91 we assume that v is a product 
measure with the zero first moment and prove that all the sequences of local 
pressures averaged over the disorder have one and the same thermodynamic 
limit - the quenched pressure. In proving Theorems 13.81 and 13.91 we employ 
a version of the first GKS inequality, known for such models with J xy > 0, 
which we obtain here by extending the approach of [9] to the case of 
unbounded interactions. 

2 Setup 

2.1 General setting 

In constructing Gibbs random fields, we follow the standard scheme |llj . 
Our Gibbs fields will live on the set X = 7L d , d G N, equipped with the 
adjacency relation x ~ y defined by the condition \x— y\ = 1. By E we denote 
the set of edges of the corresponding graph. We also use the shorthand 

12 = 12 > s ^p = su p ' 12 = 12 

The set R z<i is equipped with the product topology, which turns it into 
a Polish space - a separable completely metrizable topological space. Let 
C h (R z ) be the Banach space of bounded continuous functions / : R — > R 
with the norm 

||/|U= sup \f(a)\. 

By means of Cb(R zd ) we define the weak topology on the set of all probability 
measures V(M. Z ), which turns it into a Polish space, see e.g. page 39 in |21j . 

For any 4 C Z rf , we let A c = f Z d \ A; by writing A <s X we mean that 
< \A\ < oo. A sequence V = {Z\ n } ne pj, such that A n <s= 7L d for all n £ N, is 
said to be cofinal if it is: (a) ordered by inclusion; (b) exhausting, i.e. such 
that each x G Z d belongs to a certain A n . For A C Z d , by Ba we denote the 
<T-sub-field of ^(R z ) generated by (a(x)) x eA- For A <s= Z d , a probability 
kernel 7r^(«|-) is a function on (£>(R z<i ), R zd ) such that for any £ G R z , 
tta(-\0 is in V(M. zd ), and for any A G B{R zd ), tt a (A\-) is S^-measurable. 
Such a kernel is said to be proper if 7T/\(j4|-) = Ia(-) for any A G Ba c - Here 
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^a(0 = 1 if £ G -A, and = otherwise. Given a family {n A } AmZ d, 

suppose that there exists // G V(M. Z ) such that 

f i(A\B A c) = 7T A (A\-), (2.1) 

which holds //-almost surely for all A 6 #(R zd ) and Z\ d Then this 
measure // is said to be specified by the family {n A } AmZ d. I* 1 this case, all 
the kernels it A are //-almost surely proper, and their family is //-almost surely 
consistent. The latter means that for //-almost all £ and all A G B(M. 1 ' ), 

/ 7T A {A\ V )TT A (dri\0=7rA(A\0, (2.2) 

which holds for any pair of subsets such that A C A. It should be pointed 
out that (|2,ip is equivalent to 

/ Tr A (A\OKdO = (2.3) 

which holds for all A G B(R zd ) and A m 1 d . The condition is called 
the Dobrushin-Lanford-Ruelle (DLR) equation. It is equivalent to 

/ „^(/|£M^) = M(/), (2-4) 
satisfied for all / G Cb(M zd ) and all A (s Z d . Here we use the notation 

//(/) = / f(a)fj.(da). (2.5) 

2.2 The Gibbs fields 

The Gibbs fields we are going to construct are specified by the kernels ob- 
tained as perturbations of the products of single-spin measures by the factors 
(fTT]) with the functions W xy as in ([L3]). For A <e Z d and £ G M z< \ we set 

-#4^|J,6 = Jxy^x)a(y) (2.6) 

xdA, ydA c , x~y 

where E A consists of the edges with both endpoints in A. In the mentioned 
terminology, H A (a A \J, £) is the energy of the interaction of the spins located 
in A with each other and with the fixed spins outside A. For a family 

X = {Xx) x& zd, Xx S V{M), we put 

XA{da A ) = Y[ Xx(da(x)), a A = (a(x)) xeA , (2.7) 
xeA 
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which is an element of V(R^). Thereafter, for A G £(R Z ), we define 

ir A (A\J,0 (2.8) 

= ^ 71 7\ I 1 a{ga x €a°) exp[-HA(,VA\J,Q]XA(d(TA)- 

Here Za(J, £) is a normalizing factor, that is, 

Za(J,0 = [ exp[-H A (<TA\J,Q]XA{da A ), (2.9) 

and the juxtaposition stands for the element of M. z<1 such that 

(&A x £,A c )(x) = <t(x), for x € Z\; (cr/i x £40) (a) = f° r ^ e 

The family {tta} AmJ, d * s cl ear ly consistent. It is the local Gibbs specification 
for our model. 

As is typical for Gibbs measures of models with unbounded spins, the 
description of the properties possessed by all such measures is rather un- 
realistic. Usually, the study is restricted to those measures which have a 
prescribed support property. Such measures are called tempered. To define 
the mentioned property we use a weight function w : Z, d — > (0, 1], which by 
definition has the following properties: 

(a) \w\ d = ^2w(x)<oo, (2.10) 

X 

(b) 3wo > w(x) < wow(y), for all x ~ y. (2-11) 

Note that wq > 1, otherwise one would get w(x) = 0. A typical example 
can be 

w(x) = exp(— a\x\), a > 0. ( 2 -12) 
For w obeying (|2.10p and (|2.1ip and for a p > 1, we set 

h\\ P =^\<r(x)\*w(x)\ , (2.13) 

and 

S p = L p {Z d ,w) = {a G R Zd : ||<t|| p < oo}. (2.14) 

This will be the space of tempered spin configurations. Next, for q > 1, we 
introduce the space of tempered interaction intensities 

\\J\U= ( E \Jxy\ q [w(x)+w(y)]\ , (2.15) 
\>.y>eE / 

J q = L q (E,w) = {J £ R E : ||J||,<oo}. 
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Clearly, D>(Z d ,w) and L q (E , w) are measurable subsets of the Polish spaces 
M z<i and M E , respectively. We equip these sets with the corresponding norm 
topologies, which turns them into separable Banach spaces. It can easily be 
shown (see also the Kuratowski theorem, page 15 in [21]), that 

B(S P ) = {S p n A : A G B(R zd )}. (2.16) 

Thus, one can consider the set 

V temp = G V(R zd ) : fi (S p ) = 1}. (2.17) 

The elements of Vtemp are called tempered measures. Now we impose con- 
ditions on the family of single-spin measures x = (Xx) x & d - For A > and 
q > 1, we set 

sup I exp (AM 2 */^- 1 )) Xx (du) = C + (A), (2.18) 
inf / exp f-AM 2<?/(<? - 1)N ) fcJdu) = C_(A). 

And then 

>C 9 = {X = (X»)xez* ■ VA > C + (A) < oo, C_(A) > 0}. (2.19) 

As an example of \ G /Cg one can take the copies of the measure xo{du) ~ 
exp(— where V is an even semi-bounded polynomial of degV > 
2q/(q ~ 1)) c -f- [13 [22]. This corresponds to the physical model called an 
anharmonic crystal where the spins are the displacements of the oscillators 
from their equilibrium positions. 

In the sequel, we shall always choose J in J q and x hi fcq with one and 
the same q > 1. We also assume that this q and p in (|2,14p and (|2.17p satisfy 

P = — !L r, 2.20 
9-1 

i.e. p > 2. As the main our concern is the dependence on J, the dependence 
on x w hl always be suppressed from the notations. 

Definition 2.1 Given J = (Jxy)( x , y )eE £ <^ and p as in \2.2U\) . by G P (J) 
we denote the set of all fi G "Ptcmp which solve the DLR equation 112. 3\) with 
the kernels defined in \2. b)) and \2. 8\) . The elements of G P (J) are called 
(tempered) Gibbs measures. 

We recall that a probability space (O, O, P) is said to be complete if for 
every A such that P{A) = 0, each subset of A is in O. We also recall that 
J q is a separable Banach space. 
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Definition 2.2 By the lattice model with unbounded spins and unbounded 
random interactions we mean the pair 

(J q ,B(J q ),v) and {n A (-\J,0 :A^Z d , J G J q , £ G S p }, 

where the probability space is complete and the kernels tt/\ are defined in 
and 

Definition 2.3 A B(J q )/B(V{M zd )) -measurable map J, 9 J 4 fi(J) G 
V(M. z,d ) is said to be a random Gibbs measure if /i(J) G Gp(J) for v-almost 
all J G J q . 

Note that when we speak about a Gibbs measure [i we mean merely an 
element of a given Q p (J). However, a random Gibbs measure /i(J) will 
stand for a measure- valued function of J G J q . 

Let denote the space of all probability measures on (V(R ),B(V(R ))). 
We equip it with the weak topology and thereby with the Borel a- field OS. 
For every / G Cb(K zd ), the evaluation map V(R^ d ) 3 /J, •->■ ^(f ) is continu- 
ous and bounded. 

Definition 2.4 A B(J q ) /^-measurable map J q B J H> m(J) G is said 
to be an Aizenman- Wehr metastate if 

(a) m(J) (Q p (J)) = 1 for v-almost all J G J q ; 

(b) the map 

J q B J ^ / ix m(J)(d//) G 7>(M zd ) (2.21) 

Jv(W- d ) 

is a random Gibbs measure. 

Note that the integral in (|2.2ip is understood in terms of the pairing with 
/ € C h (R Zd ). 

3 The results 
3.1 Theorems 

For R > 0, we set B q (R) = {J G J q : ||J|| 9 < R}. From (|2TT5l) it follows 
that 

sup sup | J xy \ = +oo, (3-1) 

JeB q (R) {x,y)eE 

for any R > 0. Recall that the set of tempered measures ^\emp was defined 
in (|2.17p . In the sequel, when we discuss topological properties of Q P {J) 
we always mean the topology induced by the weak topology of the space 
V(M. zd ) (defined by means of C h (R d )). 
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Theorem 3.1 For every J G J q , q > I, the set Q P {J) (p as in H2.20\) ) is 
non-void and compact. For any A > 0, there exist positive constants Ti(X), 
i = 1,2, such that for every \x G Q p (J), the following estimate holds 

exp {\\\a\\D v(da) < exp (7i(A) + r 2 (A)|| J[|«) . (3.2) 

By Jensen's inequality, one readily gets from ()3.2p the next 

Corollary 3.2 There exist positive constants A and B such that for any 
random Gibbs measure fJ-(J), the following estimate 

I $( / \\a\\ p p fi(J)(da) ) v{dJ) < [ $>(A + B\\m)v(dJ) (3.3) 
Jj q \JR zd J Jj q 

holds for any increasing function $ : — > . 

Random Gibbs measures can be obtained as measurable selections. 

Definition 3.3 A measurable map J q 3 J i— > /i(J) € V(M.^ d ) such that 

VJ£j q : fi(J) G Q P {J) 
is called a measurable selection of the set-valued map J q 3 J h-> Q p {J) C 

Theorem 3.4 Let p and q be as in Theorem \3.1\ and the probability space 
{Jq^^Jq),^) be as in Definition \2.1\ Then the map J q 3 J i-> G P (J) has 
measurable selections. 

It turns out that measurable selections constitute quite a big subset of the 
set of Gibbs measures, c.f. item (vi) of Theorem 8.1.4 in [3], page 310. 

Remark 3.5 There exists an at most countable family {/i n ,} n eN of measur- 
able selections mentioned in Theorem \3.4\ such that, for every J G J q , the 
set {/J> n (J)}n£N C G P (J) is dense in Q P {J). Thus, G P (J) is a singleton for 
u-almost all J if there is only one measurable selection. 

As was already mentioned in Introduction, only limiting Gibbs measures can 
serve as the approximations of the Gibbs measures of large finite systems, 
see [2D]. In the next theorem, we obtain random Gibbs measures as weak 
limits of the averaged kernels itt>,n- For a cofinal sequence T> = {A n } n£ ^ 
and iV G N, we set 

1 N 

KvA-\J,0 = ^Y< 7r ^(-\J,0- (3-4) 

n=l 
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Theorem 3.6 For every £ G S p , there exists a random Gibbs measure ffi 
and a cofinal sequence T> such that, in the topology of V(M. I ' d ), one has 
fi^(J) = lim7v^-+oo kv,n(-\J, C) f or ^-almost all J G J q . 

The fact that for approximating finite volume Gibbs measures we can use the 
sequences of averaged kernels rather than the sequences of kernels themselves 
can be explained by the chaotic dependence of the kernels vr^(-| J, £) on A, 
which is smoothed up in (|3.4p . 

For A (<= Z d , we let c)^(J) denote the <5-measure centered at vr/\(-|J, £), 
that is d^ A (J)(A) = I A (tta(-\J, 0) for a11 ^ G 03. Then for a cofinal sequence 
V and N G N, we set, c.f. (EOh 

1 N 

n=l 

which is the Newman-Stein empirical metastate, see eq. (B19) on page 77 
in [18] or eq. (A18) on page 281 in |19j . Recall that the Aizenman-Wehr 
metastates were introduced in Definition 12.41 

Theorem 3.7 For every £ G S p , there exists an Aizenman-Wehr metas- 
tate and a cofinal sequence V such that, in the topology o/Q3, tn^(J) = 
limAr^+oo djj N ( J) for v-almost all J G J q . 

For A (<= Z d , J G J q , and £ G S p , the (local) pressure in Z\ is 

^(J,0 = y^ lo g^( J ^), (3-6) 

where Za(J, £) is the same as in (|2.9p . Like in (|3.4[) . for a cofinal sequence 
2? = {Z\„} nG N and N G N, we consider 

1 * 

n=l 

Let now /x be a random Gibbs measure, see Definition 12.31 Then 

p^(J) = f PA (J,Z)(i(J)(dO, (3.8) 

are measurable functions of J G J q , and 

i9(d<r, dJ) = ii(J)(dxr)v{dJ) (3.9) 
is a probability measure on the product space M zd x J7q. 
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Theorem 3.8 Suppose that v has the property 

sup / \J xy \ q v[dJ) = a u < +00. (3.10) 

(x,y)eEJj q 

Then, for any random Gibbs measure [i, there exists a cofinal sequence T> 
such that the sequence {p^ N ( J)}n^n converges, for v-almost all J £ J q , 
to a certain p 11 £ L l {J q ,v). Furthermore, for v obeying i3.10\) , let 1) be 
as in \3. 9\) . Then there exists a cofinal sequence V such that the sequence 
{pt>,n(J,£,)}ngn converges, for -d-almost all (£, J) € M. z x J q , to a certain 
p£L l (^ d x J q ,$). 

Under one more condition on the measure v we can strengthen the above 
result as follows. A cofinal sequence V = {A n } n ^ is called a van Hove 
sequence if 

inf Md = lim ^y =0 , 

neN I A n I n—t+oa \A n \ 
see e.g. page 193 in [2]. Here dA = {y G A c : 3x G A x ~ y}. 

Theorem 3.9 In addition to \3.10\) . assume that v is a product measure 
such that 

[ J xy u(dJ) = 0, (3.11) 

Jjq 

for all (x,y) € E. Then, for any cofinal sequence V = {A n } n< =fq, there exists 
the quenched pressure 

p qucn = lim / PAn (J,0)u(dJ) = sup / PA (J,0)u(dJ), (3.12) 
J Jq A ^ d J Jq 

which thereby is independent of T>. Furthermore, for any random Gibbs 
measure \x and any van Hove sequence T> = {A n } n( z^, we have that 

P qucn = lim / p» An {J)v{dJ). (3.13) 



3.2 Comments 

All the results presented above can readily be extended to any bounded de- 
gree graph, and, after some modifications, also to unbounded degree graphs 
of a certain kind [14]. They can also be extended to more general pair 
interaction potentials W xy , c.f. (|1.3j) . The only conditions would be the 
continuity as in Lemma 14.41 and that the interaction energy (|2,6p obeys 
(|4.29p with appropriate J = (J xy ) G J 9 . If every single-spin measure Xx is 
supported on a bounded [a, b], then all the results formulated above hold 
true with any q and p = 2q/ (q — 1), including q = 1 and p = 00. In this case, 
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we deal with regular random interactions^. An important particular model 
of this kind is the Edwards- Anderson spin glass, see Section 2 in [19]. In this 
model, the spins take values ±1 with equal probabilities and the interaction 
intensities J xy are symmetric, typically Gaussian, i.i.d.. Note that such a 
model meets the conditions of Theorem 13.91 

More specific remarks to the above results are as follows: 

• Theorem 13.11 The main point of this theorem is the lack of the uni- 
form boundedness of the intensities J xy , c.f. (|3.ip . Clearly, the growth 
of J xy should be controlled in one or another way. We do this by 
imposing the tempredness condition ||J|| 9 < oo, which appears in the 
right-hand side of (|3.2p and in similar estimates. The same results can 
be obtained for the Euclidean Gibbs measures which describe equilib- 
rium thermodynamic states of lattice systems of interacting quantum 
anharmonic oscillators with random interactions. In this case, our 
Theorem 13.11 would be an extension of Theorems 3.1 and 3.2 of [15] 
and of Theorems 3.3.1 and 3.3.6, pp. 214 - 216 in [2J. For the Eu- 
clidean Gibbs measures, the single-spin spaces S x are the copies of the 
space of periodic continuous functions a x : [0, /3] — > R, where f3 > 
is the inverse temperature. In view of this, one needs to apply more 
sophisticated methods of the path integral approach [2]. 

• Theorem 13.41 If J is random and fixed, the set Q P {J) describes the 
equilibrium thermodynamic states of the spin system with quenched 
disorder. In order to average over the disorder, one has to have the 
measurability as in Definition 12. 31 In Theorem[37TJ we prove that Q P {J) 
is non-void by showing that the family {~k a{-\ J ■,£,)} Amz d possesses ac- 
cumulation points, which are tempered Gibbs measures. Each such a 
measure is therefore obtained as the limit of {vr/\ n (-| J, £)} n eN for the 
corresponding sequence {Z\ n } ng N which, however, can depend on J 
in an uncontrollable way (the so called chaotic size dependenc^). In 
view of this fact, it is unclear whether these limiting points provide 
the measurability of J h- > fi(J). In Theorem 13.41 this measurability is 
obtained by means of the general methods of the set-valued analysis. 
To the best of our knowledge, this is the first instance of the use of 
such methods in the theory of lattice models with random interactions. 

• Theorems 13.61 and 13. 71 These theorems give a constructive pro- 
cedure of obtaining random Gibbs measures as the infinite volume 
limits. Even for p = oo and 9=1, i.e. in the regular case of bounded 
interactions, Theorems 13.61 and 13.71 are the corresponding extensions 
of Theorems 6.2.6 and 6.2.8 in [UJ, pp. 101-104. The novelty of these 
our theorems is that the chaotic size dependence is harnessed with the 

2 See Definition 6.2.1 in [6] 

3 See the discussion in [IS] and in [IS], pp. 55, 56, 64. 
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help of the Komlos theorem [13] - a renowned tool in the probability 
theory. This provides a new look at the approach put forward by C. 
M. Newman and D. L. Stein, see [181 US EU E] and the references 
therein. 

• Theorems 13.81 and 13.91 For the translation invariant lattice systems 
with nonrandom interactions, the thermodynamic pressure exists and 
is unique even if the Gibbs measures are multiple, see Theorem 3.10 
and Corollary 3.11 in [15], and/or Theorems 5.1.2 and 5.1.3 in [2j. It 
is thus an important thermodynamic function by means of which one 
can establish e.g. the absence/existence of phase transitions, see [12] 
and/or Chapter 6 in For the disordered systems, the pressure in 
A (<= Z rf clearly manifests the chaotic size dependence. For the model 
considered here, we propose to eliminate this effect by passing to the 
averages (|3.7p , as we did in Theorems 13.61 and 13.71 The existence of 
the limiting quenched pressure obtained in (|3.12|) is a generalization 
to unbounded spins of the relevant result of [9]. The important 
point in Theorem 13.91 is that the pressure averaged over the disorder is 
the same in all states, which resembles the corresponding fact known 
for nonrandom interactions, see Theorem 3.10 in [15] and Theorem 
5.1.3 in [2], page 268. One observes that this result holds true also 
for the Edwards- Anderson spin glass. For the systems of quantum an- 
harmonic oscillators with the corresponding random interactions, the 
analogous statements can readily be proven by means of a combination 
of the methods of [21 [15] and those of the present work. This would 
be the extension of the results of [8]. 

4 The proof of the theorems 

In the next subsection, we formulate the lemmas which are then used to 
prove Theorems 13. II and 13.41 They describe the basic (regularity) properties 
of the family of local Gibbs measures {tta} A<gL d - The proof of these lemmas 
will be done in the next section. 

4.1 The basic lemmas 

In the lemmas formulated below, we assume that p, q, and % are as i n 
Theorem 13.11 

Lemma 4.1 (Integrability) For every A > 0, there exist positive con- 
stants Ti(X), i = 1,2,3, such that for every A d Z, d , and for any J £ J, 
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and £ G S p , the following holds 

[ e W (X\\a\\ p p )n A (da\J,0 (4.1) 

< ex P (rx(A) + r 2 (A)||j||« + r 3 (A)||&H|j) . 

Corollary 4.2 For every fixed £ G <S P and i? > 0, i/ie family 

{n A (-\J,0 ■ A^Z d , || J||g < F} c P(R zd ) 
zs relatively compact. 

Proof: By (|3.2|) . for any positive i? and A, and for every \x G Q P (J) with 
J G B q (R), one has 

/ exp (A||<t||p) M(do-) < exp ( 2\(A) + T 2 {\)R q ) . (4.2) 

Obviously, for any p > 0, the balls B p (r) = {a : ||o"|| p < r}, r > 0, are 

compact in the product topology of M z<i . Then the proof follows from (|4.2p 
by Prohorov's theorem. □ 

Let us consider the map 

C h (R zd )3f^ [ f(a)7r A (da\J,-). (4.3) 



Lemma 4.3 (Feller property) For every A <g 
o/ (M is m C b (M z<i ). 



and J £ J q , the image 



The proof of this lemma is quite standard. The boundedness of the right- 
hand side of (|4.3p is immediate. The continuity follows by Lebesgue's dom- 
inated convergence theorem from the continuity of the function (|1 .3j) . For 
more details we refer the reader to the proof of Lemma 2.10 in |15j . 

Lemma 4.4 (Lipschitz continuity) For every A (s Z d and any R > 0, 

there exist positive constants 0i{A,R), i = 1,2, such that for every J, J' G 
B q (R), any f G Cb(M z<i ) and any £ G S p , the following holds 



f(a)TT A (da\J,C) 



f(a)7r A (da\J',0 



(4.4) 



< \\J-J'\ 



'e l {A,R) + e 2 {A,R)u\\l). 
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4.2 The proof of Theorem 1531 

We first prove that Q P {J) is non-void. Let us fix some £ G S p . For every 
A <e Z d , the measure tta('\J,0 ^ s supported on the set {a = a a x £,A c '■ 
a A G see (|2^|> . This yields 

vr^(cS p |J,e) = 1. (4.5) 

By Corollary 14.21 there exists a cofinal sequence {z} n } ne N such that the 
sequence of measures {tta u (-| J, £)}neN converges to a certain /i G P(]R z ' i ). 
Let us show that this fi solves the DLR equation (|2.4p . that is, 

K*/) = / , fWKdv), (4-6) 

holding for all A <e Z d and all / G C h {M zd ). For any A <e Z d , one finds 
m G N such that A C Zi n for all n > m. For such n and any / G Cb(K zd ), 
by we get 

/ „ ( / „ f(^A(da\J,rj)\ 7T An (d V \J,0 = [ f(a)n An (da\J,0. (4.7) 

jR zd UR zd J JM zd 

Now we pass here to the limit n — > +oo and obtain (|4.6|) by Lemma fOl To 
prove that this \x is supported on S p , let us show that it obeys the estimate 
(|4T2|) . For A > and JV G N, we set 

Fiv(cj) = exp(Amin{|H|P;iV}), del 2 '. (4.8) 

Such functions are lower semi-continuous. Then in view of (|4.ip and of the 
fact that £ G S p , by Fatou's lemma we have 

f F N {a)ix{da) < lim f F n (o)tt A n {drj\J,£) 

J RZ d n->+oo J RZ d 

< exp(T 1 (A)+ r 2 (A)||J||«) . 

Thereafter, by B. Levi's monotone convergence theorem we obtain that: (a) 
the limiting measure is in <5p(J); (b) each such a measure obeys the estimate 
(|3.2p with the constants as in Lemma 14.11 Now to complete the proof we 
have to show that: (c) the estimate (|4.2|) holds for all fi G G P (J)\ (d) the set 
Q P {J) is compact. Let [i be an arbitrary element of Q P {J). By (|2.4p . Fatou's 
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lemma and (|4.ip . we get 

/ F N (a)n(da) = limsup / < / F N (a)iTA(da\ J, £) }> 



< / < limsup/ F N (a)TTA(da\J,^) > 
JM.z d [ A/1 d JR zd J 

< / < limsup / exp (A||cr||£) tta(J, da\£) > 



< 



ex P (r 1 (A)+r 2 (A)||J||«). 



Then we again apply B. Levi's theorem and obtain (|3.2|) . In view of this 
estimate, by Prokhorov's theorem the set G P (J) is relatively compact. All of 
its accumulation points clearly solve the DLR equation (|4.6p : hence, Q P (J) 
is compact. □ 



4.3 The proof of Theorem D 

We recall that V(R Z ) is a Polish space. The latter fact is important for the 
following reason. By the fundamental theorem of the set-valued analyst, 
a map from a measurable space to non-void closed subsets of a Polish space 
admits a measurable selection if it is measurable. By Theorem 13. 1[ the 
images of the map J q 3 J i-> Q{J) C V(R zd ) are compact and hence closed. 
According to Definition 8.1.1 in [3j, page 307, the map J q 3 J G(J) is 
measurable if for every open A C V(M. I,d ), the set 

g- 1 (A) = {Jej q : e p (J)ni^0} (4.9) 

is measurable. Since the probability space (J q ,B(J q ),v) is complete, the 
measurability in question can be obtained from the fact that the map is 
upper semi-continuous, see Proposition 8.2.1 in [3J, page 311. In our case, 
the latter means that the set Q~ 1 {A) is closed whenever A is closed, see 
Proposition 1.4.4 in [3J, page 40. Thus, to prove the existence of measur- 
able selections we have only to show the upper semi-continuity just men- 
tioned. To this end it is enough to demonstrate that for any Cauchy sequence 
{J„} ne N C Q~ 1 (A), its limit J is also in Q~ 1 {A). Let R > be such that 
the sequence, as well as its limit, are contained in the ball B q (R). For each 
n € N, we take fx n € G p (J n ) H A. Then all the elements of the sequence 
{/i n }n€N C A obey the estimate (|4.2p . By Prohorov's theorem, this yields 
that {^ n }n€N is relatively compact in V(M. Z ). Each of its accumulation 
points \i obeys (|4,2p . see the proof of Theorem 13. 1\ and hence is supported 

4 See Theorem 8.1.3 in 3 . page 308. 
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on S p . Therefore, each such \i is in Ptemp H A as ^4 is closed. This means 



that Q p (J) n A / if this /x solves ([231) witn an y / 6 C b (I 
Zi <s Z d . For fixed such / and A, we set, c.f. and (1231) . 



M/) 



and any 



(4.10) 



Let {rik}k€N be such that /i njfc — > \i in ^(IR 2 ). Then for any n^, we have 

M/) < IM/) -Mn*(/)l + K5) -Mn fc (5)| +^(A/), (4-11) 
where 5 = vr/\(/| J, •) and 

MA/)= / l^(/|J,0-^(/|J„ fe ,0l^ fc (^). (4.12) 



The first two terms in ()4.1ip can be made arbitrarily small, see Lemma [4.31 
Let us show that this is true also for the third term. By Jensen's inequality, 
we have from (|4.2|) that 



U\\ p P vnM)<(riW+U\)R d ) A, 



which holds for any fixed A > 0. Then we apply in (|4.12p Lemma 14.41 and 
the latter estimate, and arrive at 



?n k (A,f) < \\J-J n J q 

9i(A,R) + 2 (A,R) (71(A) + T 2 (X)R d ) /A 



which completes the proof of the upper semi-continuity of the map J q 3 
J 1— >• Q P (J) and hence of the whole statement. □ 



4.4 The proof of Theorems [Ml and 15771 

In the measure-theoretic context, the statements of these theorems are about 
the almost sure convergence of the sequences of conditional distributions 
which should be obtained from the weak convergence of the corresponding 
measures, and some additional facts. Clearly, it would be too much to 
expect that it holds directly for the sequences. That is why we consider the 
Cesaro-like means (|3.4p and (|3,5p to which we apply the Komlos theorem 
|13j presented here in the form taken from [3]. 

Proposition 4.5 (Komlos theorem) Let (Q,J-, /j,) be a finite measure space 
and L 1 (fi) be the space of integrable real-valued functions. Suppose also that 
a sequence {x n } ne n C L 1 (fi) is such that 

sup / \x n (uj)\^{duS) < +00. 
n Jn 
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Then there exists y £ L 1 ^) and a subsequence {x nk } of {x n } such that for 
every further subsequence {x nkm } of {x nk }, the following holds 

1 M 

— x n km ( UJ ) ~> M — > +00, for fj, — almost all u € Vt. (4.13) 

m=l 

Proof of Theorem \3.6[ We fix some £ £ J q and show that there exists a 
measurable map J q 3 J 1-4 /jfi(J) € 'P(M zd ) such that the sequence of the 
averaged kernels {7rx>,jv}ATeN defined in (|3.4p converges to ^(J) for some 
cofinal sequence T> and z^-almost all J. As in the proof of Theorem 13.11 this 
will imply that l^{J) £ Qp{J)- For the mentioned £ and A <g Z rf , we define 

^ A (da,dJ) = it A {do-\J,£)v{dJ), (4.14) 

which is a probability measure on R zd xJ7^. In the product topology, M^ d x J q 
is a Polish space. By V(M. zd x J7g) we denote the space of all probability 
measures defined thereon, equipped with the usual weak topology. Let us 
show that the family {^ A }A<EZ d ^ s relatively compact. By construction, each 
v A is supported on S v x J q . For every r > 0, the ball B p (r) = {a £ S p : 
\\°~\\p < r } is compact in M zd . By (|4.ip . we readily get 

7r 4 (5 P (r)|J,0 (4.15) 

> 1 _ exp (_ Ar p + Ti(a) + r 2 (A)|| J\\l + r 3 (\)U\\ p P ) ■ 

Given e > 0, let C be compact and such that v{Jf) > 1 — e/2. 
Clearly, this is contained in the ball B q (R £ ) for a sufficiently big R £ . 
Then we pick r e such that 

exp (_ Ar P + 7i(A) + r 2 (A)i2| + r 3 (A)||e||?) < e/2, 

for some fixed A > 0. Then by (|4.15p we immediately obtain that 

V A (S p (r e ) x > 1 - e , 

which holds for any zi <£ Z d . Thus, by Prohorov's theorem the family 
{$ A }AmZ d 1S relatively compact and hence has accumulation points. Let 
be any of them. In view of the mentioned convergence, for any g E C^Jq) 
we have that 



i g(J)tf(da,dJ)= g(JHdJ), (4.16) 



which yields that the projection of 1?^ onto J q is v. Since M zd x J q is a 
Polish space, by (|4.16p we can disintegrate 

fl£(da,dJ) = &(da\J)u(dJ), (4.17) 



3 See Theorem 8.1 on page 147 in [31]. 
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where ffi(da\ J) is a regular conditional distribution. Let Vq = {A n } n< =^ be 
the cofinal sequence along which the sequence {i?^ }neN converges to this 
In view of (|4.14p and (|4.17|) . this means that for every / G C h {R z ) and 
9 G C h (J q ), 

g(J)ir An (f\J,0"(dJ) -> / g{J)&{f\J)v{dJ), rw+oo. (4.18) 

From the latter convergence one cannot get that 7T4„(/|J, £) — > d^(f\J) 
for ^-almost all J. However, (|4.18|) can be of use if we apply the Komlos 
theorem. As ita('\J,£) is a probability measure for all J <£ J q and £ G (S p , 
for any / G Cb(M z<< ) we have that 

^J/|J,0<ll/lloo. (4.19) 

Since the topology of V(M. zd ) is metrizable, there exists a famih^l G 



) such that the convergence of a sequence {/ifcjfegN C V(M ) to 
a certain fj, holds if Hk(fi) — > f° r every i G N, c.f. (|2.5[) , By the 

Komlos theorem, from (|4.18p and (|4.19p we have that there exists a sequence 
T>\ C T>q such that for any T>[ C £>i, we have that 

*v> v N(h\ J >0^#Hh\J), N^+oc, (4.20) 

which holds for all J G ^ C J q , such that ^(^4'x) = 1. We take any such 
D[ and apply to it the same arguments as to T>q, which yields that for 
some T>2 C T>[ and for any T> 2 C T>2, we have that alone with (|4.20p the 
same convergence holds also for the sequence {ftvi 2 .N(h\Ji £)}iVeN with all 
J G A' 2 C J g , such that v(A' 2 ) = 1. Continuing this procedure we obtain 
the sequence {V^}^, V i+l C £>•, and the family {A'A-,^. Set A = 
and let T> be the diagonal sequence which one obtains by taking the first 
element of D[, the second element of V 2 , and so on. Then v{A) = 1 and the 
convergence 

holds for all % G N and all J £ A. This yields the convergence of the 
sequence {7Tt>,n{-\ J, £,)}ngn to the measure i^(-| J) which holds for all J G A, 
is (A) = 1. As in the proof of Theorem 13.11 this convergence implies that 
T?^(-| J) G Gp{J) which holds for i/-almost all J. Then we set fi^(J) = #*(-| J), 
c.f. (EHD. □ 



Proo/ o/ Theorem\37$ For £ G 5 P and Z\ <s Z d , we set, c.f. (HUH) . 

A (dfi,dJ) = d A (J)(dfi)u(dJ), (4.21) 

which is a probability measure on the product V(M.^ d ) x J7" g . Similar as 
above, we equip this set with the product topology and hence turn it into a 



5 See page 19 in [5]. 
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Polish space. Let us show that the family {t^j^g^ i s tight. By Corollary 
4.2\ for every R > the closure in V(M. zd ) of the family of kernels, that is, 
the set 



Ilt(R) = {tta(-\J,0 ■ A <e Z d , J € B q (R)} C V(R Z ) 

is compact. Clearly J)(II^(R)) = 1 for every A <g Z d and i? > 0. Let 
be compact and such that v{J e ) > 1 — e. Then J e C B q {R e ) for sufficiently 
big R £ . Therefore, 

4 (nt(R e ) x J £ ) > 1 - e, 

which yields the tightness and hence the relative weak compactness of the 
family {t^}^^- Let be any of its accumulation points. As in the proof 
of Theorem [213 one shows that the projection of onto J q is v. This allows 
us to disintegrate, c.f. (|4.17|) . 

i*(d/i, dJ) = £(dii\J)v(dJ). (4.22) 

Let {Z\ n } nS N be the cofinal sequence along which the sequence {4 n } n eN 
converges to t^. One can show that 

g{J)tf An (J){F)v(dJ) -> f g(J)£(F\J)v(dJ), n^+oo, (4.23) 

\Jq J 3 'q 

which holds for all g € C h {J q ) and F G C b (7>(R z<i )). As in the proof of 
Theorem 13.61 by means of the Komlos theorem we show that (|4.23p implies 
the existence of a cofinal sequence T> = {A m } m( z^ such that 

1 M 

mE^W^^W- M^+oo, (4.24) 

m=l 

where the convergence is in the space and holds for z^-almost all J. For 
every / € Cb(M z ), the evaluation map 



is clearly in C h (V{R zd )). Hence, by P~24"j) we have that 



M ,. , M 



m=l J ' l K ) m=l 

) 

which holds for all / € C\ ) (M. I,d ). From the latter convergence we see that 

^(j) d ^ f I , \i tt(d»\J) 



def 



is a random tempered Gibbs measure. Thenm«(J) = t«(-|J) is an Aizenman- 
Wehr metastate, which completes the proof. □ 
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4.5 The proof of Theorems E£S and [3791 

The proof of the both theorems is based on a stronger version of the estimate 
(|3.2p . which we obtain under the condition of the uniform integrability as- 
sumed in (|3.10p . We formulate it in the following lemma the proof of which 
is given in Section [5] 

Lemma 4.6 Let v be as in Theorem \3.8l Then there exists c u > such that 
for every x G 1> d and for any A <s= Z rf (resp. for any random Gibbs measure 
fj,(J)), the estimate 14-26] ) (resp. (JJFfy ) hold 

/ \a{x)\ p TT A (da\J,0)u(dJ) < c„, (4.26) 

jR zd xJ q 

[ \a(x)\ p tf(do-,dJ) <c u , (4.27) 
J«. zd xJ q 

where i9 is as in |g. 9\) . 

Note that these estimates are uniform in x. By Jensen's inequality, directly 
from {(372J) we can get that LHS(@23) < const/u>(x), c.f. ([2712]) , which is 
not enough for proving the theorem. 

Proof of Theorem \3.8[ For p and q as in Theorem 13.11 and for positive 
a,b,c, x, by means of the Young inequality one can prove that 

abc < x(ftP + (?) + (p - 2)p- p ^ p -V x -2/(p-2) a p/(p-2) _ ( 4>28 ) 

We use (|4.28p with x = 1 to estimate the interaction energy (|2.6p 



< 2d^|a(x)P + 2d ^ |e(y)| p (4.29) 

where dA = {y £ A c : 3x £ A y ~ x}. Here we have taken into account 
that (p - 2)/pP/(f- 2 ) = 2(g - l)^ 1 /(2q)i and 

(g - l) 9 - 1 /(2g)' 2 < 1/2, for q > 1. (4.30) 

Then we employ (|4.29|) in (|3.6p and obtain 

+ max{log<7 + (2d);-logCL(2d)}, 
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where the constants C±(2d) are the same as in (|2.18p . By (|4.3ip . (|3.10p . 
and ()4.27p we obtain that 



sup / |j?^(J)| v(dJ) < oo 
AmZ d Jj q 

sup / \p A (J,£)\&(d£,dJ) < oo. 

A<^L d Jm. zd xj q 

Then the proof of the both statements follows by the Komlos theorem. □ 

Proof of Theorem E3' To prove (|3.12|) we use the corresponding arguments 
of [9]. Given A <<= we take an arbitrary (x, y) G E A and set 

- H A (a A \J,0 = -H A (a A \J,0 ~ J S ya(x)a(y), (4.32) 

that is H A is the interaction energy in A with the removed edge (x, y). Next, 
for A € R, we consider 



PaW = / log< / exp[\JxyO-(x)a(y) - H A (a A \J,0)]xA(dcr A )} 
Jj„ Uni&\ J 



v(dJ). 



Then 

P A {1) = \A\ [ PA (J,0)u(dJ). (4.33) 

JJq 

Clearly P A is infinitely differentiable and 

P'aW = / Jxy(^(x)a(y))^x {J) u(dJ), 
Jj q A 

P1W = [ (J Sy ) 2 {Mx)a(y)] 2 )^ {J) -^^ 



where the expectation {-)-\^ is taken with respect to the measure (|2.8p in 
which the interaction energy is — \Jxya(x)a(y) + H A (a A \ J, 0) . For A = 0, 
this energy is independent of Jx y . Since v is a product measure, by (|3.1ip 
we have that P' A (0) = 0, whereas P' A {\) > for all A. Therefore, P' A (X) > 
for all A > 0, and hence 

Pa(1)>Pa(0), (4.34) 

which is a kind of the first GKS inequality known for ferromagnets, see 
e.g. [2j. For bounded interactions, a similar result was obtained in [7] in 
Theorem 1. Then (|4.34p implies the superadditivity of P A , see Theorem 2 
in [7], and thereby (|3.12p . c.f. Corollary 2.1 in [7] and Proposition 3.3.3 in 
[6], page 37. 

Now let us prove the second part of the theorem. Here we follow the 
proof of Theorem 3.10 in [J5] or Theorem 5.1.3, page 268 in [2J. For t\,t2 G 
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and £ € S p , by the Jensen inequality we get from (|2.9 



^(J,(ti + t 2 )0>^(J,tiO 



x exp 



*2 X] J ^(y)( CJ ( X )) 7 r /1 (-|JAO 

x&A, y(^A c , x^y 



We set here first ii = 0, £2 = 1, then ti = — 1% = 1, and obtain 
2M(J,0) + j-^r ^ -4y£(?/)(o"(a;))7r 4 (.|J,o) 

x£A, y&A°, x^y 

<pa(J,0 

<Pa(J,0) + t^ Yl J xy{^{x)(r(y)} nA{ .\j^ 

x£A, y£A c , x^y 

Integrating this double inequality with respect to $ we get 



J, 



p A (J)v(dJ) - [ PA (J,0)u(dJ) 

Jjn 



(4.35) 



2d\dA\ . 



which clearly tends to zero along any van Hove sequence. Then (|3,13p follows 
from (|3.12p . In getting (|4,35p we used the estimate (|4.28p with x = 1, as in 
g22D, and then (pTTPl) . g2SD, and (IOTP . □ 

5 The proof of the basic lemmas 

In this section, we assume that J, q, and p are as in Theorem 13. 11 In the 
next lemma, which is a version of Lemma 14.11 for a one-point A = {x}, we 
write tt x meaning tvs x \. 

Lemma 5.1 For every positive A and k, and for any x G lj d and £ E R zd , 
one has 



exp [X\a(x)\P]7r x (da\J,0 



(5.1) 



where 



< exp C(A, x) + 2x ^ |£(i/)|* + 2^"' £ | J(x, y) |< 
C(A,x) = logC + (A + 2dx) - log C_ (2dx) . 



(5.2) 
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Proof: By (pT6j) and ([23]) we have 

exp [A|cr(x)| P ] 7Ta.(d(7| J,^) 

1 



(5.3) 



exp 



x\ u \p + J2Ax,yH(y) 



y~x 



Xx(du) 



and 



-^r (</,£) = / exp 



J(x,y)u£(y) 



.y~x 



Xx(du) 



(5.4) 



By means of (pi~28j) with p as in (f2~20j) . and by (|4T30|) . we get 

-r(x,q) < \ J(x,y)u£(y)\ < r(x,q), 



def 



Applying these estimates in (|5.3|) (upper bound), and in (|5.4|) (lower bound), 
and taking into account (|2.18p we readily get (|5.ip . □ 

The estimate just proven allows one to control the dependence of the inte- 
grals as in (|5.ip on £ and J. Note that the influence of £ is small for x <C A. 
However, for such x, the third term on the right-hand side of (|5.ip is big, 
and vice versa. 

Our next step is to extend the estimate (|5.ip to arbitrary A <g Z d . For 
such a set Z\, and for x £ A and A > 0, we put 



M X (J, A, Z\|0 = log{ / 



exp(A|a(x)| p )vr zi (dcT|J,0 



(5.5) 



To find an upper estimate for this function we integrate both sides of the 
estimate (|5.3p with respect to ir/\(dcr\ J, £), which by (|2,2p yields 



exp[M x (J,\,A\£)] < exp ( C(A,x) +2H 1 ~ qS ^\J(x,y)\ c - 

\ y~x 



(5.6) 



+ 2x Y, 

y~x, y£A c 



f exp[2x V k(y)|*W*r|J,0. 



Now we fix A > and choose x such that 

4dw x = A/2. 



(5.7) 
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To estimate the integral in (|5.6p we use the following form of the Holder 
inequality 

/ (n< s ) d ^n(/ Wf, (5.8) 

in which \x is a probability measure, ifi > (respectively, a» > 0), i = 
1, . . . , n, are integrable functions (respectively, numbers such that X^=i a * — 
1). Applying this inequality in (|5.6[) and taking into account (|5.7p we arrive 
at 

M l(J ,A,4| { ) < c(A,^-) +2 (^-)""x:|J„r (5.9) 



A 



E l^)l p + zi: E ^WA,4|o. 



As the quantity we want to estimate appears in both sides of the latter 
inequality, we obtain an upper bound for 

\\M(J,X,A\0\\ w = J2 W ( X ) M *( J > X > A \0- (5-10) 



Lemma 5.2 Let £ be in S p . Then 

\\M(J,X,A\0\\ w < 2 M C ( A '^) 

A ^ 



Proof: We multiply both sides of (|5.9p by w(x), then sum up over A, take 
into account ([2"7T0|) and (|2TTT|) . and obtain (foTTT|) . □ 

Proof of Lemma \4-1\ By (j'2.8|) and (|2.13p . for any 5 > 0, we have 

/ exp (A||<7||£) n A (da\J,C) = exp [A V \t(x)\ p w(x) ) (5.12) 

[] [exp^^^r)]^/ 5 ^^^^). 

Take (5 = X\w\, so that 

- ^2w(x) < 1, 
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and apply in the last line the Holder inequality (|5.8p . This yields, see (|5.5[) 
and flEED , 



/ exp (A||cr||g) 7T/\(dcr| J, £) 
< exp J A £ |£(x)|M*) ] exp (^-||M(J, AH, ^1011 



(5.13) 



Now we apply the estimate (|5.11|) and obtain (|4.ip with 

AH\ 4 / A N 1-9 



Ti(A) = 2C \\w 



8dwo J ~' \w\ q \8dwo 

r 3 (A) = A(l + l/2d), 



(5.14) 



which completes the proof. □. 
As a corollary of (|4.ip we get that 



limsup / exp(X\\a\\ p p )Tr A (da\J,0 <exp(r 1 (X)+ T 2 {X)\\J\\ q q ) . (5.15) 

Aflfi JW- d 

Proof of Lemma \4.4\ We fix /, A, R, £, and consider the function, c.f. (|2.6p 
and (ESD, 

^(J) = / /(a)7r 4 (^|J,6 = _ I f{<TA x U°) (5-16) 



xexp ^ J xy o-{x)o(y) + ^ J xy a(x)£(y) J 

It is independent of J xy with both x and y in A c , and is everywhere differ- 
entiable with respect to any J xy . Set 



V xy (R) = sup 



JeB q (R) 



dif){J) 



dJ. 



■>-y 



Then, for J, J' G B q {R), we have 



(a;,i/)GE 4 

x£A, y&A c , x^y 



By (f2"7L5j) . it follows that 

\Jxy-J' \ <\\J-J'\\ q [w(x)+w(y)]- 1 l' 1 



(5.17) 



(5.18) 



(5.19) 
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On the other hand, from ()5.16p we get 

&xy(R) < 211/Hoo sup [ \a(x)a(y)\7T A (da\J,0, (5.20) 
JeB q (R) J^ d 

where 

o-(y) = for y e A, a(y) = £(y) for y G A c , y ~ x. 

Now we apply (|4.28|) with a = [w(x) + 6 = \o~(x)\, and c = |cr(y)|, 

take into account ()4.30p . and obtain 

[w(x) + w(y)]- 1/q \a(x)a(y)\ < [w(x] + w(y)] (Kx)| p + \d(y)f) 

+ [w(x) + w(y)]~ q . 

Then we use this estimate in (|5.18p . take into account also (|5.19p . (|5.20p . 
and (|4.1|) . and obtain (|4.4|) with 

0i(A,R) = 8d(l + w )(T 1 (\)+ T 2 (\)R p )/X 

+ 2( ]T [«>(*) + <"(v)P 

\(x,y)<=E A 



+ Y [ w ( x ) + w (.y)Y 



<? 



xdA, y£A c , x^y 

2 (A,R) = 4d(l + «;o)(l + 2r 3 (A)/A). 
Here A can be taken arbitrarily, e.g. A = 1. □ 



Proof of Lemma \4-6[ ' Let fx{ J) be any random Gibbs measure. Then for v 
as in (|3.10p and ■& as in (|3.9p . by Jensen's inequality we obtain from (|3.2p 



/ Y \o-{x)\ p w(x)V{do-,dJ) < T 1 (l) + 2T 2 (l)\w\a u , (5.21) 

see also (|2.10p and (j2. 15|) . Due to the uniform bound in (|3.10p . the right- 
hand side of (|5.2ip does not depend on the choice of the weight w(x) provided 
we keep fixed wq and \w\, see (|5.14|) . Thus, we can choose the weight such 
that w(x) = 1 and w(y) < 1 for all other y £ Z d . For example, w(y) = 
exp(-a|x - y\), c.f. (IXT21 . Then QQ7D follows from (lo^TT) with c u = 
RHS (|5.2ip . The proof of ()4.26p follows from the estimate ()4.ip in the same 
way.D 
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